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TWIST POINTS OF PLANAR DOMAINS

NICOLA ARCOZZI, ENRICO CASADIO TARABUSI, FAUSTO DI BIASE,
AND MASSIMO A. PICARDELLO

ABSTRACT. We establish a potential theoretic approach to the study of twist
points in the boundary of simply connected planar domains.

1. MOTIVATION AND MAIN RESULTS

We introduce a geometric, potential theoretic approach to the study of twist
points in the boundary of simply connected planar domains. The study of the
correspondence between geometric, potential theoretic properties of the domain
and analytic properties of the conformal map of the unit disc onto the domain has
deep roots in function theory (see, in particular, [2], [3], [5], [6], [7], [8], [10], [18],
[28], [29], [30], [31], [32], [33], [34] and [35]) and usually yields inspiration for higher
dimensional versions; cf. [4].

Background. Let S; be the family of all bounded, connected, simply connected

planar domains. If D € Sy, then let 0D denote the boundary of D. Let U def {z €
R? : |2| < 1} be the unit disc of center 0. If D € S, and = € D, then there exists
an analytic isomorphism
f:U—D

such that f(0) = z. The map f, determined modulo rotations of U around the
origin, is called a Riemann map of D with pole at x. Let S be the class of all analytic,
univalent functions f : U — C, normalized by f(0) = 0 and f’(0) = 1. According
to Pommerenke [34], one of the main aims of the theory of the boundary behavior
of conformal maps is the study of the correspondence between data expressible in
terms of f, called analytic, and data that are expressible entirely in terms of the
geometry of D = f(U). Let F(f) be the set of all § € QU where the angular limit of
f, denoted by f,(0), exists; see [34], p. 6. The set F(f) has full Lebesgue measure
in OU, by a theorem of Fatou [I5]. The correspondence between geometric and
analytic data reveals itself in different, sometimes subtle guises. A special role is
played by the analytic Bloch function

log f/: U — C.
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This function has a remarkable property: For Lebesgue a.e. § € 9U, the angular
boundary behavior of log f’ at 6 determines whether f,(6) € twist(D) or f,(0) €
sect(D); see Section 2l The implication holds for almost every point, but not at
every point; see [34] and [25]. A variant of log f’ that appears in function theory

¢f'(©)

f(©)
branch equal to 0 at ¢ = 0; see [34] p. 123. Indeed, W. Seidel [36] showed that the

imaginary part of this functional, given by

¢S
f(©)

provides an analytic characterization of starlike domains. H. Grunsky [20] proved
the sharp inequality

is the analytic functional of f € S given by log , ¢ € U, where log is the

(1.1) arg

arg

Cf’(C)‘ 1+ ¢
Q) | =T
where f € S and ¢ € U; cf. [18], p. 117, and [28], p. 168.

Main results. Given D € S, and y € D, we define a harmonic Bloch function
hp(y) : D — R playing the role of log f/ and instrumental to a potential theoretic
approach to twisting. The definition of hp(y) is purely geometric and potential
theoretic, not being based on the Riemann map. Its harmonicity does not appear
to be obvious from the point of view of potential theory. We also show that the
function hp yields a geometric, potential theoretic representation for the analytic
quantity (LI)).

Indeed, let h(D) be the space of real-valued functions defined on D and harmonic
therein. For each D € S;, we define and study a continuous function

hDZ D — f)(D)

that recaptures (LI)) directly in terms of geometric data of the domain D € S,
where D = f(U). The function hp is

hp()(z) /8 A pw) up(ede). e D.

Here p1p(z,-) is the harmonic measure with pole at z and (y, z),(w), called the
relative winding angle, is the signed variation of the argument of £ —w as £ € D
goes from y to z along a continuous curve in D. The relative winding angle is
defined in Section 2] without using complex analysis.

Here are the most salient properties of the function A p.

Theorem 3.2. D €Sy and y € D, then hp(y) is harmonic on D.

The harmonicity of hp(y)(z) as a function of y is immediate, since it is the su-
perposition of functions harmonic in . A non-potential theoretic proof of Theorem
3.2 can be given. Indeed, if f is a Riemann map of D with pole at = € D, then the
composition

hp(x)o f: U —-R
turns out to be equal to the map (IZI)); however, we also establish the harmonicity
of hp(y) independently of this equality, since our proof is purely potential theoretic.
The harmonicity of hp(z) will be seen to be the expression of an implicit symmetry
under reflections.
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Theorem 3.3. For each x € D, the function
hD ($) :D—R
is a harmonic Bloch function on D.

Theorem 3.5. The behavior of hp(x)(z) as z — w € 0D determines whether
w € sect(D) or w € twist(D), for a.e. w relative to harmonic measure.

For NTA domains, we establish the previous assertion in a quantitative way, in
Theorem 3.4.

Outline. In Section 2] we establish notation and the needed preliminary results.
In Section B] we introduce the h function of a domain in S, and state its properties.
In Section @l we prove our results in the order of their mutual dependence.

Remarks. The third-named author has given a talk at the Potential Theory Work-
shop in Bucuresti, Romania, in September 2002. See also [I].

2. NOTATION AND PRELIMINARY RESULTS

Henceforth we shall adopt the following notation: D € S;, f is a Riemann map
of D with pole at © € D and F(f) is the set of points § € QU where f has radial
limit (hence angular limit). The set F(f) is a Borel set of full Lebesgue measure
in 9U; see [15] and [34]. Moreover, Gp : D x D — (—o0, ] is the Green function
of D and C* = C\{0}.

If w € R? we denote dist(w) : R? — [0,00) the function dist(w)(z) Lef |z — wl|
and by dist(9D) the function on R? given by dist(9D) % min,cqp dist(w). We
write dist(9D, z) for dist(0D)(z). Let B(w,r) def {z e R?: |z—w| < r} and
B(w,r) € {zeR?: [z —w| < r}.

Let C(0D) be the Banach space of real-valued continuous functions on 9D,
endowed with the uniform norm. If A, B C C, the set of continuous maps from A
to B is denoted C(A, B). We let J(A, B) be the subset of C(A, B) consisting of
injective maps. If g € C(A4,C) and w € C, then g — w € C(A,C) is the function
s g(s) —w.

The unweighted average of u € C(9B(w, r)) over 0B(w,r) is denoted L(u,w,r),
as in [14], Section 1.1.2.

We use S (z) to denote the imaginary part of z € C, R(z) for its real part and
2* = 7 for its complex conjugate. If A C R?, then 1,4 : R? — {0,1} is the indicator
function of A.

Curves. If B C C, the elements of C([0, 1], B) are called curves in B. The points
¢(0), ¢(1) are called the endpoints of the curve ¢; ¢(0) is the initial point of c,
¢(1) its final point and c is said to be a curve from ¢(0) to ¢(1). The image of ¢
is denoted by st(c). The elements of J([0,1], B) are called Jordan curves in B.
We may assume, after a change of parameter, that the parameter space is equal to
[0, 7] where 0 < T < 005 see [24]. A curve in B whose endpoints coincide is called a
closed curve in B. After a change of parameter, closed curves in B can be seen as
elements of C(9U, B). Let Xp5(y, z) be the set of smooth (C*°) curves in B from
y € Btoze€eB.
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Half-open arcs. If B C C, the elements of C([0,1), B) are called half-open arcs

in B. We say that the half-open arc ¢ ends at w € C or that c is a half-open arc

from ¢(0) to w if the limit 1irq ¢(s) exists and is equal to w. Elements of J([0, 1), B)
S—

are called Jordan half-open arcs in B. We write J(B) for J([0,1), B). Let J,,(B)
be the set of Jordan half-open arcs in B ending at w € C.

Accessibility. If 6 € 9U and s € [0,1) let py(s) % s0. Then pg € Jo(U). If

¢ € J(U) ends at some point of U, then it is not necessarily true that foc ends at
some point of dD. However, if ¢ € J(D) ends at some point of D, then f~!ocends
at some point of OU; see [24]. Indeed, the set 9,D, image of f,, can be described
geometrically.

Lemma 2.1. If w € 0D, then the following conditions are equivalent:
(i) there is 0 € F(f) such that f,(0) = w;
(ii) there is @ € OU such that f o pg € Jy(D);
(iii) there exist 0 € OU and c € Jy(U) such that f oc € J,(D);
(iv) o (D) # 0.

Proof. Apply [34], Theorem 4.3, and [24], Theorems I11.2.6 and IIL.2.7. O

Liftings. If A is a topological space, g € C(A,C"), v € C(A,C) and €7 = g, then
we say that ~ is a lifting of g. Let £(g) denote the set of all liftings of g. If A
is connected and simply connected, then £(g) # 0 for each g € C(A,C*) and, if
71,72 € £(g), then there is a unique n € Z such that y1 = v2 + 2min; see [19)].

Twisting half-open arcs. Let ¢ € C([0,1),C") and assume that there is a v €
£(c) such that () is unbounded above and below on [0,1). Then each lifting of
¢ has the same property and we say that c is twisting. Let T be the set of twisting
half-open arcs in C*.

Proposition 2.2. Assume that c1,c3 € Jo(C*), ¢1 € X and ¢1(s1) = ca(s2) if and
only if s1 =s2=0. Then cy € %.

Proof. Let vy, € £(ck), k = 1,2. Then lim,_,; R(vx(s)) = —oo and, for each n € Z,
st(2) does not intersect the vertical translation of st(vy;) by 27ni. It follows that,
for s close enough to 1, 72(s) belongs to the strip between two successive vertical
translates of st(y1) and therefore its imaginary part must be unbounded above and
below as well. O

Harmonic measure. The notions and results of potential theory we shall use are
explained in [I4], Chapter 1.VIIL. Let D € Sy. The boundary 8D is regular, hence
resolutive. If ¢ : 0D — R is a real-valued function defined on 0D, we denote by
¢f = ¢*(D) : D — [~00, 0] the upper PWB solution for ¢ (in [I4] the notation H 4
is used with the same meaning). If ¢ is defined on a superset of 9D, then ¢%(D) is
to be interpreted as (¢|ap)h(D). The o algebra of Borel subsets of 0D is denoted
by Bp. The o algebra of subsets of @D whose indicator function is resolutive is
denoted by Rp. Then Bp C Rp. If £ € D and A € Rp, define

o (€, A4) € (14)%(6).

Then pp(€,-) is a measure on Rp, called harmonic measure with pole at £, and
up(&,+) is the completion of the restriction of pp(&,-) to Bp. We usually write
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up(A) for up(€, A) if the ambiguity about £ is not relevant. If ¢ is a real-valued
function defined on 0D, we write up(-, ¢) for

P(w)pp (-, dw)
oD

whenever this integral is defined. If ¢ is bounded and R p-measurable, then up (-, @)
€ h(D) and ¢% = up(-, ¢). If ¢ is resolutive, then ¢* = up(-, ¢). Thus,

(2.1) (2) = /a 6{w)pp(zdu). ¥ze D, g€ C(OD)
and
(22) i i (2. ) =

in the sense of vague convergence of measures, where §,, is the probability measure
supported by {w}. Harmonic measures with different poles are mutually absolutely
continuous. If B = B(x,r) and u € C(0B), then

L(u,z,7r) = /83 u(z) pp(x,dz).

Indeed, Ry is the o algebra of Lebesgue measurable subsets of QU and uy (0, -) is
normalized Lebesgue measure on OU identified with R /27 Z. Let 9,D denote the
image of the map
i F(f)—0D.

In general, the map f, is not onto. The set 9,(D) is independent of f, dense and
of full harmonic measure in 0D. Indeed, if w € 0D, then w € 0,D if and only if
there is a Jordan half-open arc in D ending at w. The set 9,(D) is analytic; see
[34]. Since (0D, Rp, pup) is a complete measure space of finite measure, a theorem
of Lusin implies that 9,(D) belongs to Rp; see [14], Theorem A.IL.4. See also [5].
If A C F(f) and B C 9D, we write f,(A) for {f,(9) : € A} and f,'(B) for
{0 € F(f): f,(§) € B}. If AC 0D, then A € Rp if and only if f, '(A) € Ry and
(2.3) wp(z, A) = uy (0, fb_l(A)) for every A€ Rp.

Let Sg° C Sy be the set of all domains in S, with € boundary. For each D € S,
there are domains D,, € S{°, n > 1, such that D,, C D,41 and |J;~, D,, = D.
Any such sequence {D,}, is called a regular ezhaustion of D. The next result is

basically due to Wiener [39].

Lemma 2.3. Let D € Sy, and fix a reqular exhaustion {D,}, of D. Let ¢ € C(0D).
If U: O — R is any continuous extension of ¢ to an open neighborhood O of 0D,
then there exists ng such that

¥4(D,): D, - R
is defined and harmonic for n > ng and converges to

$*(D): D - R

uniformly on compact subsets of D, as n — oo.
Proof. When O contains D, the statement is proved in [39]. The restriction of ¥ to
a smaller neighborhood of @D has a continuous extension ®: D — R, by a theorem

of Tietze. Since the restrictions of ® and ¥ on dD,, coincide for n big enough, we
may apply the special case. ([l
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Sectorial accessibility for the Riemann map. The set Sect(f) C U, defined
in [34], p. 144, is a subset of the boundary of the unit disc.

Sectorial accessibility for the domain. Define sect(D) C 9D as follows: A
point w € 9D belongs to sect(D) if and only if D contains an open triangle having
a vertex at w. The correspondence between Sect(f) and sect(D) is given by the
following relation:

(2.4) fo(Sect(f)) = sect(D) .
It may happen that f,(6) € sect(D) while 6 & Sect(f).

Twist points of the Riemann map. Let Twist(f) C OU be the set of points
0 € F(f) such that foc— f,(0) € T for each ¢ € Jy(U).

Lemma 2.4. If 6 € F(f), then the following conditions are equivalent:

(i) @ € Twist(f);

(i) fopo— f,(0) € F;

(iii) for each c € Jo(U) and each g € £(f — £,(0)), S(g) o ¢ is unbounded above
and below.

Proof. Apply [34], Proposition 4.4, p. 77; cf. [25]. O

Twist points of the domain. Let twist(D) be the set of points w € 9,D such
that ¢ —w € ¥ for each ¢ € J,(D). The following result clarifies the relation
between Twist(f) and twist(D). Since we could not find it in the literature, we
record it for future reference.

Proposition 2.5. If w € 9,D, then the following conditions are equivalent:
(1) w € twist(D);
(2) {6 € F(f) : /() = w} C Twist(f);
(3) {6.€ F(F): 1,(8) = w} N Twist(f) 0.
Proof. Apply Proposition and [34], Theorem 4.3. O
Proposition 2.6. If D € Sy, then pp(sect(D) U twist(D)) = 1.
Proof. Apply (Z4), Proposition 25 and the Twist Point Theorem [25], [34]. O

Prime ends. For background about the theory of prime ends, due to Carathéodory,
see [34]. Let 0.D be the set of prime ends of D and denote by f. : U — 9.D the
homeomorphism given in the Prime End Theorem (in [34], the notation f is used
for fo and P(D) for 9.D). We claim that it is possible to define subsets 9D and
D of 9.D, in a purely geometric fashion, in such a way that (1) 9!D and 9D
consist of prime ends of the first or the second kind; (2) if € AU, then f.(0) € 9:D
< 0 € Twist(f) and f.(0) € 95D < 0 € Sect(f). The proof is left to the reader.
We shall not need these results in the rest of this paper.

NTA domains. NTA domains in R"™ were introduced in [22]. Let NTA5 be the
collection of all planar NTA domains. Then NTAs C S, with proper inclusion, since
a planar NTA domain is a quasidisc; see [22] and [34]. The von Koch snowflake is
an NTA domain [37]. If D € NTA,, w € 0D and a > 0, then I', (w) C D is defined
as

Iy(w)={z€D:|z—w| < (1+a)dist(0D,z2)}.
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If D has smooth boundary, then the approach regions I',(w) are comparable to
open triangles having vertex at w and contained in D. In general, ', (w) may not
contain any triangle having vertex at w.

Theorem 2.7. If D € NTA; and u € §(D), then 0D = N U P U L where

(i) N has harmonic measure zero;

(i) If w € P, then u is unbounded above and below in T'y(w) N B(w,r) for each
positive o, r;

(iii) If w € L, then u(z) has a finite limit as z — w and z € Ty (w) for each
a>0.

Proof. Apply [22], Theorem 6.4, paying due care to measurability issues. (I

Remark. The previous result is a real-variable higher dimensional extension of a
theorem of Plessner on functions analytic on U; see [27].

The quasihyperbolic metric and harmonic Bloch functions. The quasihy-
perbolic distance kp(z,y) in D from z to y is defined as the minimum of the arc
length integrals

1
/C Gst@D)

evaluated along all rectifiable paths ¢ from z to y contained in D. The quasihyper-
bolic distance is a geometric quantity; cf. [34]. It was introduced in [I7]; see also
[16] and [34], p. 92. Observe that if z,y € D and |z — y| < 1 dist(dD, 2), then

1 |z—y] |z —y

—— <k <2——.

2 dist (0D, z) p(zy) dist(dD, 2)
Indeed, kp(z,y) > log(l+%); see [17], Lemma 2.1. It follows that a function
U : D — R is Lipschitz relative to the metric (D, kp), i.e.,

U(z)—U(Z
(2.5) sup M < 00,
2,2/ €D, z#2" kD(Z7 z )
if and only if U satisfies
(2.6) sup dist(9D)| grad U| < oo .
D

If U € 4(D) satisfies (23, then U is called a harmonic Bloch function; cf. [23].

The hyperbolic metric and the Green function. Let Ay be the hyperbolic
metric of the unit disc, normalized so as to yield

A (0,¢) = élogfg:

as in [34], p. 6. Other normalizations can be found in the literature. If z,y € D,
then Ap(z,y) def Av(f~(2), f~(y)) is the hyperbolic distance in D between z and
y. The Koebe distortion theorem implies that

(27) )‘D(Z7y) SkD(Zvy) S4)‘D(Z7y) VZ,?JED

See [34], p. 92. Given z € D\ {z}, we denote by gp(z,z) the hyperbolic geodesic
in D from x to z. If f(¢) = z, then a parametric representation of gp(z, z) is given
by s — f(s(¢), 0 < s < 1. The curve gp(z, 2) is precisely the integral curve from x
to z of the gradient of the Green function Gp(z,-).
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The winding angle. Fix an orientation in R?. Let ¢ € J([0,1],R?) and assume
that ¢ is smooth. Let ¢, be the potential of the double layer of constant unit density
over c. The function ¢, is harmonic on the open set R? \st(c), complement of the
image of ¢, and it extends by continuity at the endpoints of ¢ but not at the other
points of ¢, since therein it is subject to a jump; see [I1]. Recall that the value of
¢, at w is given by the arc length integral

def 0 1
(28) C*(’UJ) = A% log m ds

where n is the positively oriented normal to c¢. We call ¢, (w) the winding angle of
c as seen from w, since it is the signed variation of the argument of y — w, when y
goes from x to z along ¢, as can be seen via the Green formula; see [I1]. Observe
that ¢, (w) = (¢ — w),(0). The following estimate will be useful:

(2.9) lex(w)] < /dlstl(w)ds

Indeed,

I U !

an 8 dist(w) | —  dist(w)

If 0 ¢ st(c), then ¢,(0) equals the integral along c of the closed differential form

% — modulo a sign that depends on the orientation of the plane. Since a

closed differential form can be integrated along any curve, without assuming any
smoothness on the curve (see [9], p. 58), then ¢, (w) can be defined for any curve ¢

1
1
grad log dist(w)

in R? and
e (w)| / zdy — ydz
(W) = —
. cew T
Similarly, since % is a closed differential form in C*, if c is curve in R?, then ¢, (w) is

equal (modulo a sign) to the imaginary part of the complex line integral / d—

If v € £(c — w), then ¢y (w) = (7)(1) — I (7)(0); see [26]. Indeed, if ¢is given
by the parametric representation ¢(s),0 < s < 1 and we let ®(s) = @gzg:zl, then
® : [0,1] — 9U. Now, let @~ : [0,1] — R be any lifting of ® via the universal
covering map R — OU, r — €. Then c,(w) = ®~(1) — ®~(0) (the right-hand side
being independent on the choice of the lifting).

The relative winding angle. Consider the continuous function
(-, )p: DxD— C(0D)

defined by evaluating the winding angle along curves in D: If y,z € D, w € 0D

and ¢ € ¥p(y, 2), then

(Y, 2) p(w) € e, (w).

Since D is simply connected and ¢, (w) is given by integrating along ¢ a differential
1-form defined on the punctured plane R? \{w} and closed therein, Stokes’ theorem
implies that the function (- ,-) is well defined. Moreover, (y, z) ,(w) is separately
harmonic in y, z € D for fixed w.

Thus, (y,z)p(w), called the winding angle relative to D, measures the signed
variation of the argument of ¢y — w as 4’ goes from y to z staying within D. Observe
that (z,z), =0, (z,2), = —(2,2) 5, and in fact

(210) <l‘,y>D+<y,Z>D:<.’£,Z>D VZE,y,ZGD.
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Lemma 2.8. If w € 0,D, then the following conditions are equivalent:

(i) w € twist(D);

(ii) limsup,_,; (z, c(s)) p(w) = +o0 and liminf, .1 (z,c(s)) ,(w) = —oo for each
half-open arc in D ending at w.

Remark. Property (ii) is independent of the choice of z.

Starlike domains. A domain D is called starlike with respect to x € D if
[(z,2) p(w)| <

for each w € 9D and z € D. An equivalent definition is that the line segment from
x to z is entirely contained in D for each z € D.

The harmonic winding angle. If y;, y, € D, then the function (y;, v»)p : 0D —

R has the harmonic extension (y;, y2>hD : D — R. Following 1)), (v, y2>hD is given
by

(1, 1) (2) = /d nmlp(@n(z.de), 2 D.

Moreover, (y, y2>53(z) is harmonic in each variable separately, and
(2.11) lim (y1,30) 5 (2) = (91, 92) p(w) = eu(w)
for each w € 9D and ¢ € Zp(yy, ys)-
Lemma 2.9.
(2.12) (3035 (2)| < klw ), VzeD.
Proof. The maximum principle for harmonic functions implies that it suffices to
verify (2I2)) when z = w € D, in which case (2.I1)) and (29]) imply that
)| < [ gmrm

for each rectifiable arc in D from y; to y,. Thus, |{y, y2>53(w)| < kp(yy, ) and
now (2I2)) follows at once. O

Proposition 2.10. If z and y belong to D € Sy, and {D,},, is a reqular exhaustion
of D, then (x, y>53 converges to {(x, y)% uniformly on compact subsets of D.

Proof. Let K be a compact subset of D and pick ¢ € ¥p(z,y). Then ¢, is a
continuous (indeed, harmonic) extension of (z,y), on R?\st(c), neighborhood of
0D. If n is big enough, then z,y, ¢ and K are all contained in D,,. Moreover,
if w € 9Dy, then (z,y), (w) = ci(w), since ¢ € ¥p, (v,y). Thus, if n is big
enough, (z,y), is the restriction to D, of a continuous extension of (z,y), to a
neighborhood of 8D. Now apply Lemma 2.3 (]

3. THE FUNCTION hp

The original potential theoretic definition. We let hp: D x D — R be the
function

hp(2) < (. 2)5(2) = / (0 2) p(w) pp(zdw),  y,z € D.
oD
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Notation. Whenever convenient, we shall write hp(y)(z) for hp(y,z), so that
hp(y) : D — R denotes hp(y,-) as a function of the second variable.

Remarks. The functional hp is covariant under translations, rotations and dilations
of D. We shall see that it uniquely determines the domain D (apart from the scale)
since it determines (the inverse of) its Riemann map.

Since hp(y, z) is a superposition of functions harmonic in y, its harmonicity in y
follows from standard arguments. Its harmonicity with respect to z does not seem
to be equally immediate from the viewpoint of potential theory; we now show that
it is related to a certain (hidden) symmetry under reflections (in the direct proof
of Corollary this symmetry is explicit).

Proposition 3.1. If D € Sy, then the following conditions are equivalent:

(a) For each x € D the function hp(x) is harmonic at each point of D;

(b) For each x € D the function hp(xz) has vanishing mean-value over each
sufficiently small ball centered at the point x;

(c) For each x € D, if 2" denotes v + (z — )" and D’ = {#/: z € D}, then
L(hD(x), z, T.) = L(hD’(x); Z, 7")
for each v > 0 such that B(z,r) C D.

Proof. (a) = (b) Observe that hp(z,z) = 0 and apply [14], Section 1.1.3.
(b) = (a) If 1 € D, hp(xy) is continuous on D and, by (210,

(3.1) hp(z1) = (z1,22)5 + hp(ws) Va2 € D.
Since (1, .’I,‘2>hD is harmonic on D, the conclusion follows from (B.1]).

(¢) = (b) Observe that
(3.2) L(hp(z),z,7) + L(hp/(z),z,7) = 0
since

hp(z)(z) + hp(z)(2") =0 for every z € D,

thus (c) implies that L(hp(x),z,r) = 0.

(b)=(c) We deduce from B2) that L(hp:(z),z,r) equals —L(hp(z),z,r) and
from (b) that L(hp(x),z,r) is equal to 0. O

Theorem 3.2. If D € Sy, and y € D, then hp(y) is harmonic on D.

Theorem 3.3. If D €Sy, and y € D, then hp(y) is a harmonic Bloch function on
D.

The following two results deal with a natural question: Determine whether and
in what sense the approximation
(3.3) hp(z,z) ~ (z,2) 5 (w), z—w €D,
holds. Indeed, motivated by (22)), the definition of hp was inspired precisely by the
hope that B3] would hold, in some sense. Cf. Proposition and [6]. Observe

that, once we choose z, (z, z) ,(w) is a family of functions harmonic in z—one for
each boundary point w—and hp(x) is a harmonic function only depending on D.

Theorem 3.4. If D C R? is NTA, then for each o > 0 and each w € D,

(3.4) sup |hp(z,z) — (z,2)H(w)] < oo.
z€lq (w)
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Observe that [B4) is a general, intrinsic form of the estimate (1) given in [I3]
in the proof of Lemma 3 of that paper. Examples show that ([B.4) may fail if D is
not NTA at wj; see [25]. However, the following result shows that [B.3]), if properly
interpreted, holds for every D € Sy. The interpretation is qualitative, in the sense
that the boundary behaviour of one side reflects the boundary behaviour of the
other.

Theorem 3.5. If D € S;, then for a.e. point w € 0D, relative to harmonic
measure, the boundary behaviour of hp(x) at w predicts whether w is a twist point
or sectorially accessible.

We shall see that the proof of the following result is independent of ([BI4]). Thus,
we recapture the well-known analytic characterization of starlike domains, due to
W. Seidel [30].

Theorem 3.6. A domain D € Sy is starlike with respect to x € D if and only if
|hp(z,2)| < 5 for all z € D.

The twist function of a smoothly bounded domain. The function hp also
admits a second, less direct, potential theoretic description, based on an approxi-
mation argument. If D € Sg°, then there is rp > 0 such that if 0 < r < rp and
w € 0D, then there is a point in D, denoted n,(w), at distance r from w, on the
inner normal to 0D at w. If D € S{° and « € D, we define

tD: D — C(aD)

as follows: for 0 < r < rp,

(3.5) tp()(w) = (2, (w)) p(w),  w e AD.

The values of ¢p(x) are independent of r. The function ¢p, called the twist function
of D, measures the twisting of the domain around its boundary and it gauges the
difference between, say, a disc and a domain winding around itself, like the one in
[18], Figure 2, p. 36. Indeed, these domains have no twist points but the disc twists
much less around its boundary than the other.

Whenever convenient, we shall write tp(z, w) for tp(z)(w).

Lemma 3.7. If D € S{°, then the following conditions are equivalent:
(a) hp(x) = tp(x)? for each x € D;
(b) tp(x)%(z) =0 for each x € D.

Proof. Observe that (ZI0]) implies
(3.6) h(z,2) = tp(x)* () = tn(2)" (2);
hence the result. ]
Theorem 3.8. If D € St°, then
hp(z) = tp(x)*  VzeD.

Corollary 3.9. If D € St°, then for each w € 0D
(3.7) lim hp(z, z) = tp(x,w).
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If the boundary of D is not smooth, the function ¢p(x) cannot be directly defined
as in ([B.3). In particular, the function hp(z, ) may not possess boundary values as
in (81). Consider, for example, the von Koch snowflake [37], whose boundary con-
sists of twist points, apart from a set of harmonic measure zero [13], [34]. However,
the following theorem provides another (less direct but equally natural) descrip-
tion of hp. Indeed, its statement is inspired by the construction of the generalized
solution of Dirichlet’s problem in arbitrary domains in R™, due to N. Wiener [39)].

Theorem 3.10. If D € Sy, {Dy,},, is a reqular exhaustion of D and x € Dy, then
the sequence of harmonic functions

{tp, ()"} en

converges, as n — 00, uniformly on compact subsets of D, to a function that is
independent of the choice of the regqular exhaustion of D; indeed, the limit function
is precisely hp(x).

We now show that if we choose a special exhaustion of D, then there is no need
to use a limiting argument.

The Green exhaustion and hyperbolic geodesics. We now choose the regular
exhaustion given by the superlevel sets of the Green function of the domain. If
z € D and z # z, then the subdomain D? C D defined by

D: ¥ ¢ceD:Gplz,0) > Gp(z,2)}

has smooth boundary and contains z. Moreover, 2 € dDZ and Dz C D. In
particular, ¢p- is defined at the point (z,z). Recall that hp(z,z) = 0.

Theorem 3.11. If D € Sy and x € D, then
(3.8) hp(z,z) = tp:(z, 2) Vze D\ {x}.
Thus, the restriction of hp(x) to the subdomain D} is equal to hp:(x).

Theorem B.I1] implies that hp can be described in terms of the hyperbolic
geodesics of the domain. In Section [ we denoted by gp(z,z) € Xp(x,z) the
hyperbolic geodesic in D between z and z. Recall also that, if ¢ € X p(z, 2), then
¢4 is also defined at the endpoints x and z of ¢. If ¢ = ¢(s) is a smooth curve, we

dc

let ¢ = ¢ denote its tangent vector. Thus, ¢ = ¢(s) is itself a curve in R?.

Corollary 3.12. If D € Sy, x,z € D and x # z, then

(3.9) hp(z,2) :gD(x7Z)*(Z)7
and therefore,
(3.10) hp(z,z) — hp(z,2) = gp(x, 2),(0).

Thus, hp(z,z) — hp(z,z) is the winding angle of gp(x, z) as seen from 0.

An analytic description. We now give a purely analytic description of hp. Let

def _ _ . . . .
(21,22,23,24) = ﬁzfig denote the cross ratio of the points z; in the Riemann

_ b—c
a—c’

sphere, as in [2], p. 58. In particular, (0o, a,c,b)
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Definition. Let f, be the nonvanishing analytic function on the polydisc
fx:UxUxU—=C"
given by

def (ooaf(n>7f(§>7f(c>)
(3.11) (G & m) = (00, 7.6, 0) ‘

Remarks. Note that f,(0,0,0) = 1. Observe that the functional f +— f, is invariant
under translations, rotations and dilations.
If{=¢n=0¢€dU and 0 € F(f), then ([BII), defined by continuity, is

QE-0)
O A0

also known as the Visser-Ostrowski quotient; cf. [34].
If { =¢ and 1 = 0, then (BI1]) yields
¢f'(¢)
[e(6,60) = ——=—— .
R G ()
the analytic quantity used by W. Seidel to characterize starlike domains; see [36]

p. 206; cf. [34] p. 66.
Let arg be the branch equal to zero for { = 0.

Theorem 3.13. Under the hypotheses given above, the following identities hold for
all ¢, £ e U, with x = f(0), z = f({), w= f,(0) and 2’ = f(§):

(3.12) arg £,(¢,0,0) = (z,2) p(w) — (0,();(6),
(3.13) arg £,(C,€,0) = (z,2)5(2') — (0, )} (€),
(3.14) arg f+(¢,¢,0) = hp(z,2).

Remarks. Theorem follows from ([BI4). In Section [ we shall give a different
proof of Theorem B2 independent of (314).

From (3.9) and [B.I4) we obtain
arg f*(<7 Ca 0) = gD(:I;? Z)*(Z)

where z = f(0) and z = f({). The previous identity can also be proved directly, as
in [38], p. 672, without employing our function hp. See also [12].

Lemma 3.14. If f is the Riemann map of D and 6 € F(f), then

f*(C7 C? 9>f*(07 07 C)f*(c7 97 0)

f* (Cv <7 O)
Proof. Left to the reader. O

(3.15)

= £.(0,0,0) V(eU.

Proposition 3.15. If f is the Riemann map of D and 6 € F(f), then

(316) hD(l‘, Z) - <]3, Z>D(’UJ) = arg f*(<7 C7 0) + hD(Za 33) + E(Z)

for all ¢ € U, where z = f((), z = f(0) and |e(z)| < 37/2.

Proof. Choose a value for arg f,(0,0,0), such that |arg f,(0,0,6)| < 7. This choice
uniquely determines a branch of arg f,({,(,0) with the given initial condition for
¢ = 0. Now, select the branch of arg f.({,(,0), equal to 0 for ( = 0 and do

the same for arg f.(¢,0,0) and arg f,(¢,6,0). The result follows from (BI5) and
Theorem B.I3] with e(z) = —(0, (), (0) — arg f.(0,0,0). O
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Remark. The quantity hp(z, ) does not necessarily remain bounded when z — w,
not even assuming that w € 9,D. An example is a domain approaching the origin
spiraling around it infinitely many times.

4. PROOFS

Proof of Theorem 3.8 Recall that tp-(x, z) has been defined so far only for z # =.
Observe that if 2 € D\ {z}, then tp: (z, 2) is locally equal to the difference between
the argument of the gradient of Gp(z,-) and the argument of  — z, up to an
additive constant. Thus, z — tp:(z, z) is harmonic on D\ {z}. The level curves of
Gp(z,-) near x are close to circles of center x. Therefore,
plim, 010050,

thus 2 is a removable singularity of z — tp:(z, 2); see [14], Theorem 1.V.5, p. 60.
It follows that, if ¢p:(z,2) is defined to be 0 for z = z, then it is harmonic on D.
So far, we have not used the hypothesis that D has smooth boundary. Now, since
D € §§°, the Green function G'p(z,-) is smooth on 9D, thus the function tp:(x, 2)
extends continuously to 9D, where it equals tp(zx,-). It follows that ‘

(4.1) / tp(z,w)up(z,dw) = tp:(z, z) for every x,z€ D
oD
and
(4.2) / tp(x,w)pp(z,dw) =0 for every x € D.
oD

Now apply Lemma 3.7

Proof of Theorem B.10. Let K C D be compact. Fix § > 0 such that if n is large
enough, then | —w| > 0 for all £ € K and w € 9D UOD,,. If 0 < € < 1, then
there is a finite subset ¥ C K such that the balls of center y € Y and radius de/4
cover K. For y € K let Bly| be the ball of center y and radius de/4. Therefore, for
each z € K there is y, € Y such that z € B[y,]. Since Y is finite, we may apply
Proposition 2ZXT0] to each ball Bly], y € Y, so that, if n is large enough, then

@3 s (@) () = (@)}, ()| <e/3 for every ye Y,
Let z € K. Then |hp(x,z) — hp, (x,2)| < I+ II + II1, where

1= (2,2 (2) = (@305 (2)

11 = |{@, 305 (2) = (@)}, (2)]

111 = [(2,y.), (2) = (2.2)},(2)]

Now, IT < ¢/3, by [@3]). The straight line segment from y, to z is entirely contained

in D. Thus ([ZI0) and ([212) yield

I— ‘<y27z>h[)(z)’ < kp(y:,2)

)

oe/4 €
< — < -
0—de/4 3
Similar reasoning shows that ITT < €/3 for n large enough. Thus, if n is large
enough, then |hp(z,2) — hp, (z,z)| < € for each z € K.

<



TWIST POINTS OF PLANAR DOMAINS 2795

Proof of Theorem BI1l If D € Sg°, then (B.8)) follows from B.6), (1) and 2.
If D € S, we consider the domains D,, = {¢ € D: Gp(z,() > 1}. They form a
regular exhaustion of D. If n is big enough, then (D,). = DZ, since Gp, (z,") =
Gp(z,") — L on D,. Thus tpz) (2, 2) = Y(p,):)(z,2) = hp, (z,2), since D,, € S§°
and hp, (z,z) converges to hp(z,z), by Theorem B.I0l Thus, (B8] is proved.
Now, let ¢ € DZ. Then ([B.8) implies that hp(z,() = tipg) (@, ¢) and hip:y(z,¢) =

ip2)3) (@ €):
Now observe, as before, that (D;)i = DS, thus concluding the proof.

Proof of Theorem B2l The restriction of hp(x,-) to the subdomain DZ is equal to
hipz)(z,-), by Theorem [B.I1l Thus, hp(z,-) is harmonic on D7, by Theorem [3.8
since DZ has smooth boundary. Since each open subset of D is contained in a
subdomain of the form DZ, the theorem is proved.

Proof of Theorem BH. Let w € 9,D. Theorem [BI1] shows that if w € sect(D),
then hp(z, z) remains bounded as z — w and, likewise, that if w € twist(D), then
hp(zx,z) is unbounded above and below as z — w. Thus, the conclusion follows
from Proposition

Proof of Theorem 3.6l If D has smooth boundary, apply the maximum principle
for harmonic functions and Theorem 3.8 An approximation argument completes
the proof for a general domain in Sy.

Proof of Theorem BI3. Let F € C(U? C*) be the nonvanishing analytic function

given by F(C,€) % £,(¢,€,0), where (¢,€) € U2 = U x U. Let £ € £(F) be such

that ¢((0,0)) = 0. Denote arg F' the imaginary part of £. If ¢ is a curve in U?
from (0,0) to (¢,€), then F ocis a curve in C* from 1 to F((,€) and there is a
unique [ € £(F oc) with 1(0) = 0. It follows that £({, &) = I(1). For fixed ¢ € U, the
harmonic function £ — arg F'(¢, £) is bounded on U, and, therefore, it is determined
by its angular boundary values given, for a.e. 8 € 9U, by

Eli_r% arg (¢, &) = (f(0), f(€)) p(£(8)) — (0, (), (0).

Since <0,§>?](§) =0, then arg F/(¢,¢) = hp(f(0), f(¢)) and BI4) follows.

Proof of Theorem B3l In view of [BI4]), the statement follows from the Koebe
distortion theorem. Indeed, it suffices to show that the analytic function
log f+(¢,¢,0) is a Bloch analytic on the unit disc, by [34], Corollary 1.4, p. 9.
Thus, we need to show that

d
Sup(l - |<|)d_ logf*(CaCaO) < 00.
ceU ¢

We may assume |¢| > 1/2. A calculation shows that di( log £, (¢, ¢, 0) is equal to

1O Q)
N IGINIGENION

The conclusion follows from [34], Proposition 1.2, and Theorem 1.3, p. 9.
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Proof of Theorem 3.4l A preliminary reduction is based on the fact that the func-
tion hp(x,-) is Bloch harmonic. Thus, it suffices to show that

sup |hp(x,2) — (z,2) p(w)| < oo,
z€gp (z,w)
where gp(z,w) is the hyperbolic geodesic in D from x to w. Now, observe that
hp(x,z) — (0,2)p(w) = I 4+ II 4+ III where I = hp(z,z) — hp(x,21), 11 =
(2, zlﬁj(zl) and I11 = (0, z)hD(zl)f<O, z) p(w). It is convenient to choose z1 = f((1)
where (; = (¢ + \TCI) Here, as before, we let z = f({) and w = f,(6). Moreover,
we let 6 = % Now, |I| < C < oo follows from the fact that hp(z,-) is a harmonic

Bloch function and |I7| < C < oo from ([ZI2). Thus, the main goal is to obtain a

uniform bound for |[I11]. In view of BI3), we let u(§) def arg f,(¢,€,0) and seek a

bound for |u(¢1) — w(8)| = |III], uniform in ¢. Since the distance between ¢; and
6 is equal to 3 dist(¢,0U), the mean value theorem shows that it suffices to seek a
good bound for |grad u(€)|, when £ belongs to the line segment between ¢; and 6.
Indeed,

Too (]
Sua(r)) dr
def

where 71 = 3 dist((, 0U), re = dist(¢,0U) and (r) = ( +rf. Now, |- Ly(r)| =1
and }gradg u| is equal to \d%log (¢, €,0)|. Now,

1 d

(@) - u(®) = |

T1

d
‘d_glogf*(C7€70)‘ =

_ K |
where I'= 11 < 2qmicany 2nd

S ©I1F(S) = f(O)] 11'(9)]
II = C
7 = FOIFQ) - F©1 = TFO - £©)
if |¢| > 1/2. Since the domain D is NTA, there is a constant Cs such that

dist (0D, £(¢)) < & 1£(¢) = f(E)]-
Thus,

Too 1 Too ,
| <o ah s [ raelan

The integral on the right side of the previous inequality is bounded by the length of
the hyperbolic geodesic in D from ¢ to w and therefore by C5dist(0D, f({)), since
D is NTA. Thus |u(¢1) — u(0)] is bounded above by 1+ C1CoCs.

A direct proof of Corollary B9l We shall study hp near a boundary point, using
the Strong Markov Property of harmonic measure, given in [14], (8.3), p. 117.
Indeed, let us assume for simplicity that the boundary of D is polygonal and that

wo € OD is not a corner. Let B(wg, ) be the Euclidean ball in R? of center wq and

radius r. We may assume that x € D(wp,r). Let D(wo,r) “pn B(wg,r). Then

hp(z,z) = B(z) + R(z) where

def
B(z) & / (2, 2) p (W) (21 )
dDNAD (wo,r)

and

R = [ . ([ 2p(wnn ()} noa, o).
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Now, R(z) — 0 if z — wy, since
|R(Z)| < O:“D(woﬂ‘) (Z,aD(’LU(),’I") \ 8D) ;

thus it suffices to show that 3(z) — (z,n’p(wo)) ,(wo) as z — wp. Since the relative
winding angle is covariant under translations and dilations, we may assume that
wp = 0 and that QN B(wo,r) = D(wg, r) where Q is the half plane {& > 0}. The
conclusion follows from a calculation that exploits the symmetries of the half-plane.

Proof of (BI4) based on Theorem B.I1l. We have f(g/—(ﬁzo) = ;f’i_"f((g)) . Indeed, for

¢ = re?, %f(() =i(f'(¢). Since Gp(x, f(¢)) = —log|¢|, the conclusion follows
from Theorem B.11]
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